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THE GROUP GENERATED BT CENTRAL SYMMETRIES, WITH 
APPLICATION TO POLYGONS. 



By DR. EDWARD KASNER. 



The object of this article is to generalize the following well known theor- 
em of elementary geometry : If the mid-points of the consecutive sides of any 
quadrilateral are joined the resulting figure is a parallelogram. In the case of a 
triangle the corresponding construction gives a triangle not having any peculiar 
property. The question therefore arises as to whether or not in case of polygons 
of more than four sides there is any theorem analogous to that concerning the 
quadrilateral. It will be shown that, in this respect, there is an essential dis- 
tinction between polygons of an even number of sides, and those of an odd num- 
ber of sides. This depends fundamentally upon the character of the group 
which is discussed in §1. 

§1. The Group. 
1. Any translation T of the plane may be written 

I 1 * y'=y+lc, 

where h and ft are the components, in the direction of the coordinate axes, of the 
vector corresponding to the translation. It is obvious that the totality of trans- 
lations form a group ; for the combination of any two, say T, and T 2 whose vector 
components are ft,, A, and h g , fc s respectively, gives 
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x'—x-\-h x -\-h i 
y'=y+k l +k i , 

which is itself a translation. 

2. Consider now the transformations termed central or point symmetries. 
Such a symmetry is denned by 



(«) 



«'=— x-\-2a 



where a, b are the coordinates of the center of the symmetry, i. e. the fixed point 
P with respect to which corresponding points x, y and x', y' are symmetric. The 
symmetries themselves do not form a group, but we now show that 

The translation T and the central symmetries 8 form a group. 

In the first place, the product of two symmetries is a translation. For, if the 
center of 8 X is P t , with coordinates (a, , 6, ), and if the center of S 2 is P 8 , with 
coordinates (a 2 , 5 2 ), the combination 8 t S 2 gives 

x'=x-\-2(a 3 — a,) 
»'=lf+2(J f -J 1 ). 

The vector of this translation is double the vector P,P 2 . Similarly, the produtc 
8 2 8j is the translation whose vector is twice P S P, . In the second place, the 
product of a symmetry and a translation is a symmetry. For, the transformation 
STis 

x'=—x-\-2a + h 
y'=-y + 2b + k; 

this is the symmetry whose center is obtained from the center of 8 by applying 
the vector of T. Similarly, the product in the reverse order, i. e., TS is the sym- 
metry whose center is obtained from the center of S by applying the vector op- 
posite to that of T. 

It follows then that any combination of transformations T and 8 is itself 
either a Tor an 8, so that the group property is proved. In Lie's terminology 
the group considered is a mixed two-parameter group consisting of two contin- 
uous systems of transformations. The translations constitute a self-conjugate 
sub-group. 

3. Since the product of two symmetries is a translation, and since the 
translations constitute a group, it follows that the product of an even number of 
symmetries is a translation. The product of the 2k symmetries S, , 8 it ...., 82k is 
in fact 

x'=x+2{a ik -a 2k ^i+....+a. i ~a 1 ) 
y'= y+2(&»-&»-i+.. ..+&,-&,), 

where a„ b ( denote the caordinates of P< the center of 8 t . The formulae may be 
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interpreted geometrically by observing that the differences a 2 — a,, & 8 — &,, for 
example, are the components of the vector P i P i ; therefore the vector of the result- 
ing translation is twice the vector sum 

P l P i +P 3 P i +.. ..+P 2fc _ 1 P 2fc . 

4. An odd number of symmetries may be combined by combining the first 
with the product of all the remaining, which by 3 is a translation. Therefore, 
the product of an odd number of symmetries is a symmetry. If the symmetries 
ai-e 8,, Sn, ...., j&fc+i their product is 

x'^-x-\-2{a 2k+1 -a 2k +.... + a 3 — a t + a 1 ) 
y'=-y+2(&2fc + x-6 2 fc+....+& 3 -6 2 +6 1 ). 

The center of the resulting symmetry is obtained' from the center P of the first symme- 
try by applying the vector sum 

5. The application to be made depends essentially upon the fixed points of 
the transformations, i. e. the points which are transformed into themselves. Ex- 
cluding points at infinity from consideration, we observe in the first place that 
in case of a symmetry there is one and but one fixed point, namely, the center of 
the symmetry. On the other hand, in case of a translation, there are no fixed 
points, except when the translation reduces to the identical transformation, in 
which case all the points of the plane are fixed. 

§2. Mid-Point Polygons. 

6. Consider any polygon whose vertices in order may be denoted by 
Q if Qt, ...., Q n . If the middle points of the sides are connected in order we de- 
rive a new polygon of the same number of sides which for brevity may be termed 
the inscribed polygon ; the original polygon in its relation to the derived is then 
termed the circumscribed polygon. For every polygon there is then a definite in- 
scribed polygon. The question now to be considered concerns the converse 
problem: Given an arbitrary polygon P, , ...., P„, is it possible to construct a cir- 
cumscribed polygon, i. e., is it possible to find n points Q t , Q 3 , ...., Q„ such that 
Pj shall be mid-way between Q. l and Q s , P 2 mid- way between Q 2 and Q 3t and 
so on until finally P n shall be mid- way between P„ and P, ? 

To answer this question, take tentatively any point Q in the plane ; con- 
struct with respect to P, the symmetric point ; then with respect to P s construct 
the point symmetric to the one just obtained ; and so in order until finally by 

symmetry with respect to P„ a point Q' is obtained. The original polygon P, , 

P„ thus defines a definite transformation by which to any point Q corresponds an 
unique point Q'. This transformation is simply the product of n symmetries 
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and therefore, by the previous section, is either a translation or a symmetry ac- 
cording as n is even or odd. 

7. Consider first the case of a polygon with an odd number of sides 
«=2A;+1. The transformation from Q to Q' is then a symmetry. There is, 
therefore, by §5 a single point which remains invariant under the transforma- 
tion. Denoting this point by Q, , we obtain from it, by successive symmetry 
with respect to P it P 2 , ■■■■, P», the points Q it Q s , ...., Q-m+i; Qm+i and #, are 
then necessarily symmetric with respect to the last vertex Pm^i, so that Q, , ...., 
#2*+i are in fact the yertices of the unique circumscribed polygon. 

Any polygon with an odd number of sides can be obtained as an inscribed poly- 
gon ; there exists one and only one circumscribed polygon. 

The circumscribed polygon may be constructed by applying the result 
stated at the end of 4. The first vertex Q t is obtained from the first vertex P, 
of the original polygon by applying the vector sum P s Pj -\-P i P i + • . . . +P»P2*+i ; 
then the remaining vertices Q 2 , ...., Qik+i, are obtained by successive symmetry 
as described above. 

8. If the polygon has an even number of sides n—2k, then from 3 the trans- 
formation from Q to Q' is a translation which in general does not reduce to the 
identical transformation. In this case, from 5, there exists no fixed point, and 
therefore no circumscribed polygon. 

In the case of an arbitrary polygon of an even number of sides no circumscribed 
polygon exists, i. e., not all such polygons can be obtained as inscribed polygons. 

9. The construction will, however, be possible in the exceptional case where 
the resulting translation reduces to identity. If then we term a 2A-gon special 
wnen it is possible to circumscribe a polygon about it, the result may be stated : 

Any special 2Jc-gon is characterized by the fact that the product of the symme- 
tries having for centers the vertices of the polygon is identity. 

The class of polygons considered may be defined otherwise as follows : 
From the formulae in 3, we have as the conditions for reducing to identity, 

«2*— a 2h _i+....-\-a 2 —a l =0 
hk—hk-i + • • • • +bg — b t =0 ; 

which together express the vanishing of the vector sum 

P t P 8 +P 8 P 4 + ....P 2fc _ 1 P 2fc . 
The vanishing of this sum necessitates the vanishing of 

P i P i +P i P s + ....+P 2k P„ 

since for any polygon the vector sum of all the sides is zero. Therefore 

In any special 2k-gon the vector sum of the alternate sides vanish; this condi- 
tion is also sufficient. 

The equation of condition above may also be written 
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ft 1 4& 3 +....+&2fe-1 _ &8+&4 + --" + &2fe 

k ~ ft ' 

which may be interpreted as follows : 

In any special M-gon with vertices P, , Pj, ...., P 2k , the mean point (or center 
of gravity) of the alternate vertices P, , P 3 , ...., Pjfc-i coincides with the mean point 
of the remaining vertices P 2 , P it ...., P 2k . 

Both points obviously coincide with the mean point of all the vertices of 
the 2fc-gon. 

10. For a special 2#-gon the transformation from Q to Q' described in 6 
reduces to identity, so that every point of the plane is an invariant point. 
Therefore in constructing the circumscribed polygon any point may be assumed 
for the first vertex Q, , the other vertices then being determined by successive 
symmetry with respect to P, , Pj, ...., P2k_i. 

About a special 2Jc-gon a double-infinity of circumscribed 2Tc-gons may be con- 
structed; otherwise stated, if it is possible to circumscribe one polygon about a given 
2k-gon, it is possible to circumscribe a double infinity. 

We shall now prove that among this double infinity of 2ft-gons there is 
one which is itself special, so that abont any special 2Jc-gon it is possible to circum- 
scribe one and only one special 21c-gon. Let the first vertex Q t of any circumscrib- 
ed polygon be x, y ; then the next yertex Q s , obtained by symmetry with respect 
toP,, is — x-\-2a x , —y+2b 1 ; similarly Q g is x— 2a 1 +2a 2 , y— 26,+26 2 ; final- 
ly, 4* is —x+2a,—2a l +....+2a 2k ~i, — y+2b t — 2b i +....+2b 2k ^. If now the 
circumscribed polygon is to be special we must have 

Q l Q*+Q 3 Qt+..~+Q2k-iQ2k=0, 

which is equivalent to 

fcr-(2fc-l)a i + (2A--2)a, > -....-a 2 ,._ 1 =0 
Jcy-(2k-l)b 1 +(2Jc-2)b. i -....-h k _ 1 =0 

These equations determine x and y, that is, the first vertex Q, , uniquely, 
which, proves the theorem announced. 

The special quadrilaterals are simply parellelograms. About any parall- 
elogram a double infinity of quadrilaterals may be circumscribed, of which one 
is itself a parallelogram ; about this in turn a parallelogram may be circumscribed 
and so on indefinitely. So for any special 2fc-gon, one can not only inscribe 
special 2ft-gons indefinitely, but also circumscribe them. Again, just as the 
quadrilateral inscribed in a general parallelogram is itself an arbitrary parallel- 
ogram, so the 2fc-gon inscribed in a special 2fc-gon is not further specialized, but 
is an arbitrary special 2A--gon. 
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11. The second characteristic given in 9 gives the following construction 
for special 2k-gons. Take an arbitrary fc-gon D', D", ...., P/*> ; on each side con- 
struct a parallelogram, thus on D' D" construct P 1 D 1 D. i P 2 , on D" D'" construct 
P X D"D'"P 4 , finally construct P 1!fc _ 1 .DC*- 1 >.Di*>P 2 *; then P u P it ...., P 2k will con- 
stitute a special 2fc-gon. To prove this we need merely observe that since the 
alternate sides P 1 Pi,P 3 P 4 are equal and parallel to D' D", D" D'", re- 
spectively, the vector sum of the former sides is equal to the vector sum of all 
the sides of the auxiliary ft-gon and therefore vanishes. 

It is seen from this that a special 2Tc-gon is completely determined by 2ft— 1 
of its vertices. For if P, , P s , ...., P^-i are given we can construct the auxiliary 
ft-gon by starting at an arbitrary point D', drawing the vector B'D" equal to 
P,P 2 , then D"D"' equal to P^P^ ...., finally, D(*-i>D(*> equal to P 2fc _ 3 P2fc-2 ; 
Pyc is then found by drawing from P^-i a vector equal to D^D 1 . This is the 
generalization of the fact that a parallelogram is determined by three of its ver- 
tices (given of course in order). 

After the case k—2 of the parallelogram, the first case deserving particular 
attention is the case ft=3, i. e., the special hexagon. Such a hexagon may be ob- 
tained, in accordance with the result above, by constructing parallelograms on 
the sides of an arbitrary triangle. Another construction is as follows : Take 
any two parallelograms ABGO, ODEF having a vertex in common ; the remain- 
ing vertices ABGDEF constitute a special hexagon. The same hexagon may be 
obtained in this way by means of three distinct pairs of parallelograms. This 
may be generalized so as to apply to 2S-gons. 

The third characteristic stated in 9, in the case of a special hexagon 
ABGDEF, shows that the median point of the triangle AGE coincides with that 
of the triangle BDF; therefore the six lines obtained by joining each vertex to 
the mid-point of the opposite diagonal of the hexagon are concurrent, the point 
of concurrence being the mean point of the hexagon. 

§3. Extension to Space. 

12. The preceding results admit of immediate extension to space of three 
dimensions, and to higher spaces. In fact, the translations and central symmet- 
ries still constitute a group, and results for polygons in space follow in a manner 
entirely analogous to that employed above. One difference as to the character of 
point symmetries may be noticed : In the plane a point symmetry is identical 
with a rotation of the plane in itself through 180° ; in space however point sym- 
metry is not equivalent to a rotation since in fact corresponding figures are not 
congruent but differ in the order of arrangement of their parts. If we consider 
a central symmetry in the plane as a rotation, the analogue in space would be a 
line symmetry, which is in fact rotation about an axis through 180°. However, 
in the application to space polygons only the symmetries of the former type, i. e. 
point symmetries with respect to the vertices, are considered. 

The results hold also for one dimension, that is, for sets of points in a 
line. Thus, for any set P, , P if ...., P„ there is a derived "inscribed" set consist- 
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ing of the mid-points of the segments, P t P 2 , P 2 P g , ...., P„P, . This set is entire- 
ly arbitrary if n is odd, but not if n is even ; the characteristics stated in 9 apply 
almost literally to these special sets of points of the latter type. 

Columbia University, New York, January 15, 190S. 



ANALOG OF SYLVESTER'S DIALYTIC METHOD OF 
ELIMINATION. 



By DE. SAUL EPSTEEN. 



If the two equations 

a x % -\-a t x 2 +a 2 x+ o 3 =0, 
6 « 8 + b 1 x+ 6 8 =Q, 

have a root v t in" common, we can write 

a^xf + a 1 * ] , +a 2 a; 1 2 +a 3 a; ) =0 
a x, 3 -fa, a;, 2 +a 2 x l +a 3 =0 

b x, 3 +»,*,* + i t x t =0 
Eliminating «, 4 , a;, 3 , x, 2 , «, , 1, we obtain 



a a, a 8 o 3 
a a, a 2 a 3 



fi 6, 





6, & 3 6, 



b 6, 6 2 



=0. 



This is the well known dialytic method of elimination of Sylvester. 

We can deal with linear differential equations in exactly the same manner. 
Suppose there are given the equations 

(1) «.W^», (*)-^r + -« (*)%+-.(*)-»=0. 



(2) 



*.(*>1F+*. (*)^+/».(*).»=o- 



